We report the discovery of a new group of double-periodic stars in the OGLE Galactic bulge photometry. In 38 stars identified as fundamental mode RR Lyrae and 4 classified as the first-overtone RR Lyrae, we detected additional shorter periodicity. Periods of the dominant variability in the newly discovered group are 0.28 < P D < 0.41 days. Period ratios (0.68−0.72) are smaller than the period ratios of the Galactic bulge RRd stars. The typical amplitude ratio (of the additional to the dominant periodicity) is 20 % for the stars identified as fundamental mode RR Lyrae and 50 % for stars classified as the first-overtone RR Lyrae. Ten stars from our sample exhibit equidistant peaks in the frequency spectrum, that suggest the Blazhko-type modulation of the main pulsation frequency and/or the additional periodicity. The Fourier coefficients R 21 and R 31 are one of the lowest among fundamental mode RR Lyrae stars, but among the highest for the first-overtone pulsators. For the phase Fourier coefficients ϕ 21 and ϕ 31 , our stars lie in between RRab and RRc stars. Discussed stars were compared with the radial, linear pulsation models. Their position in the Petersen diagram cannot be reproduced assuming that two radial modes are excited and their physical parameters are similar to that characteristic for RR Lyrae stars. The non-radial mode scenario also faces difficulties. We conclude that the dominant variability is most likely due to pulsation in the radial fundamental mode including stars classified as the first overtone mode pulsators. At this point, we cannot explain the nature of the additional periodicity. Even more, classification of the stars as RR Lyrae should be treated as tentative.
INTRODUCTION
, but mainly in the OGLE Galactic bulge data where more than 260 such stars of both RRc and RRd types were identified (Netzel, Smolec & Moskalik 2015a,b) . The most plausible recent explanation for the peculiar PA variability counts with the non-radial modes trapped in the outer part of the envelope (Dziembowski 2016) . Beside these so called 0.61-stars, first-overtone pulsators also show additional periodicity with P1O/PA ∼ 0.686 (Netzel, Smolec & Dziembowski 2015; Netzel & Smolec 2016 ), which has not yet been explained. Recently another new subclass of double-mode RR Lyraes had been identified (Soszyński et al. 2016) . These 22 anomalous RRd stars discovered in the Magellanic system, have period ratios in the range 0.725 − 0.738. In most cases, the fundamental mode is the dominant periodicity among these stars. RRd stars with atypical period ratios detected earlier in the Galactic bulge and in M3 (Jurcsik et al. 2014) can also be classified as anomalous RRd stars.
In the first paper of the series ) we report the discovery of another group of fundamental mode RR Lyrae stars showing additional mode with PA/PF ∈ (0.70; 0.75) 1 and with long fundamental mode period. This period ratio and pulsational models suggest that these stars could be an extreme case of RRd stars.
In this paper, we present results on 38 stars catalogued by OGLE as RRab stars and on 4 stars identified as RRc variables with pulsation periods 0.28 < PD < 0.41 days. Our stars seem to be adjacent to the sequence formed by the Galactic bulge classical RRd stars in the Petersen diagram with shorter periods and lower period ratios (0.68−0.72) (see Fig. 1 ). In the Sect. 2 we provide a short summary about used methods. The Sect. 3 contains a comparison of our newly identified double-periodic stars with other RR Lyrae subtypes together with brief notes on selected stars. In addition, we examine the properties of our newly discovered group and discuss several stars in detail. In section 4 we discuss the pulsation nature of the newly discovered group. Section 5 summarises our results. The appendix contains a short list of stars with an additional variability, that do not fall into our group but were detected during the conducted analysis.
DATA ANALYSIS
After identification of the first long-period, double-periodic RR Lyrae stars , we searched for additional double-periodic stars with period ratio close to 0.7 among all RRab and RRc stars observed by OGLE-IV 2 in the Galactic bulge (36 190 stars in total). We used automatic procedure pysca (Herzberg & Glogowski 2014) employing nonlinear-least squares methods and the Lomb-Scargle algorithm for identification of the suspicious periodicity. We looked for an additional signal (with S/N > 4.0) in range from νD + 0.3c/d up to 2νD − 0.3c/d to avoid possible contamination with stars exhibiting Blazhko effect. If we found such signal, the star was sassigned to a candidate group and analysed manually in the same way as in our previous study Smolec et al. (2016) :
We followed a standard consecutive pre-whitening technique (fitting sine series). We considered only well resolved significant peaks (S/N > 4.0) with separation larger than 2/∆T , where ∆T is data length. If necessary, the outliers were omitted (4σ clipping) and secular trends were removed using low-order polynomials or spline functions. We also analyzed both magnitude and flux-scaled data to avoid confusion of possible artificial peaks with the combination peaks. Combination peaks, if present in the flux-scaled data, are a convincing evidence that two detected frequencies are intrinsic to the star. Their presence is essential for marking the star as a candidate. The stars without combination peaks were accepted only if they shared similar properties with other stars within our group (period ratio, shape of the light curve). For details of all steps of the analysis see sect. 2 in .
In addition, to the automatic procedure, we manually analysed all stars located in the same region of periodamplitude diagram as newly discovered double-periodic stars 3 , to ensure completness of our sample.
RESULTS
From a total sample of 36 190 single periodic RR Lyrae stars in the OGLE-IV Galactic bulge catalog, we report a discovery of extra periodicity in 42 stars. In 14 of our stars, additional periodicity was reported by Soszyński et al. (2014 Soszyński et al. ( , 2011 , but not discussed at all. It was only mentioned in the remarks file available at OGLE ftp archive 4 . From this sample, 38 stars have been classified by Soszyński et al. (2014) as the fundamental-mode stars, and 4 stars as the first-overtone pulsators. In all stars, the period ratio of the two periodicities falls in the ≈ (0.68 − 0.72) range. The extra variability always has a shorter period and a lower amplitude than the dominant mode. In addition, in OGLE-BLG-RRLYR-14135 one more periodicity was detected with period ratio 0.74623.
In the top plot of Fig. 1 , we compare known doubleperiodic RR Lyrae stars from our Galaxy, with a newly discovered group (black stars). Several double-periodic stars, identified as RRab, have a similar period ratio as the doubleperiodic pulsators found by Netzel, Smolec & Dziembowski (2015, marked with green triangles). The latter stars are very different, however. The light curve of the dominant variability in these stars is among the most typical for the first overtone RR Lyrae stars and additional variability is always of a longer period with significantly lower amplitude (around 4 % of the first overtone mode amplitude). Furthermore, these stars form a well defined and sharp sequence in the Petersen diagram, while our stars do not. The newly discovered stars share some similarities with double-periodic stars found by Smolec et al. (2016) (magenta points in the Petersen diagram). Smolec et al. (2016) identified additional periodicity among fundamental mode stars, where the extra mode has a very low amplitude (down to 8.5 % of the fundamental mode). Our group, on the other hand, stands on the Figure 1 . The Petersen diagram for newly discovered doubleperiodic stars (black stars). P L and P S are longer and shorter period, respectively. The top panel displays several groups of double-periodic stars in comparison with our group. The magenta circles represent double-periodic stars found by Smolec et al. (2016) . The yellow pentagons stand for several F+1O HADS stars found in the Galactic disk by Pietrukowicz et al. (2013) . In addition, green triangles and blue circles correspond to the stars found by Netzel, Smolec & Dziembowski (2015) and Netzel, Smolec & Moskalik (2015a,b) . The bottom panel provides narrow context between OGLE-IV Galactic bulge RRd stars (red squares in both plots) and our group.
other side of the period spectrum for RR Lyraes. Furthermore, stars from our group have somewhat larger amplitudes for the additional variability (around 25 % of the dominant periodicity, see the top panel of Fig. 2 ). The stars with additional variability are similar to RRd stars (red squares), but the period ratio is lower around 0.7 (see bottom panel of Fig. 1 ).
The only outlier in the Petersen diagram is OGLE-BLG-RRLYR-14135. This star was identified as a fundamental mode pulsator and two extra periodicities were found. The first additional variability has period PA 1 = 0.2244660(9) days and period ratio PA 1 /PD = 0.74623. This period ratio is close, but significantly smaller than in Highamplitude δ Scuti (hereafter referred to as HADS, yellow pentagons in top Fig. 1 ). The second periodicity PA 2 = 0.215331(2) days with period ratio PA 2 /PD = 0.71586 fits into our newly discovered group.
The basic properties of newly found double periodic stars are summarized in Tab. 1. The columns contain mean brightness I, period of the dominant, PD, and additional, PA, periodicity together with their period ratio, PA/PD. The following columns contain amplitudes of the dominant variability, AD, and the amplitude ratio of both periodicities, AA/AD. The last column, 'remarks', contains notes on individual objects. The stars with unresolved signal near PD (possible period change or long period Blazhko effect) are marked with 'a'. Ten stars from our sample exhibit signatures of the Blazhko effect (quasi-periodic modulation of the light curve, for review, see Szabó (2014) ). These stars are marked as 'bl D/A ', with regards whether the dominant and/or additional mode exhibits the Blazhko modulation. Stars that showed no combination frequencies were marked with 'c'. The letter 'd' marks stars with non-stationary additional periodicity. In a few stars, we have detected harmonic of the additional variability and mark them with 'e'. The note about additional periodicity in remarks file in the OGLE ftp archive is marked by 'f'. In the top panel of Fig. 2 we show a distribution of amplitude ratios for our stars. In average the amplitude ratio vary in the (5−90 %) range with most typical value 25 per cent. Stars from our group, previously classified as RRc stars, have higher amplitude ratio in comparison with the rest of our group of double-periodic variables. This is most likely caused by a lower amplitude of the dominant periodicity in stars identified as first-overtone variables. In the bottom panel of this figure, we show periodamplitude dependence for the dominant variability. We explicitly divided our stars into two groups based on OGLE classification. It is clearly visible that we have two groups, stars identified as RRab pulsators in one and six stars classified as RRc and RRab variables in the second.
Shapes of the light curves can be quantitatively described using the Fourier decomposition parameters (Simon & Lee 1981) . In Fig. 3 , we compare the differences in our stars, RRc and RRab stars from the OGLE-IV Galactic bulge catalog Soszyński et al. (2014) . We see, that the vast majority of our stars with extra periodicity fall in the region between RRc and RRab stars in the period-amplitude diagram. Four of our stars, identified by the OGLE team as RRc, fall in the middle of RRc group, which likely motivated their classification. However, their Fourier parameters are different, as we discuss in the following. Stars from the newly discovered group have, on average, shorter periods than RRab stars and larger amplitudes than RRc stars. For the Fourier amplitude ratios, R21 and R31, our stars populate the region between RRc and RRab stars. The Fourier phases ϕ21 and ϕ31 for our stars follow linear progression separating RRab and RRc stars. In addition, phase coefficients are among the lowest in the first-overtone stars.
To explore the true nature of the dominant variability among these stars, we prewhitened the data with all components of the frequency spectra except kνD. The observations with removed additional periodicity phased with the dominant period, are displayed in Fig. 4 . The corresponding legend shows OGLE id and pulsation period of the dominant variability. All of the displayed light curves resemble Table 1 . Basic properties of discussed double-periodic stars. Subsequent columns provide star's id, mean I-band brightness, pulsation period of the dominant mode, the period of the additional mode, period ratio, amplitude of the dominant mode, amplitude ratio, and remarks. All stars were identified by OGLE as RRab stars, except the last four. a -unresolved signal at P D ; bl D -peak(s) of the Blazhko effect in the vicinity of dominant mode; bl A -peak(s) for the Blazhko effect in the vicinity of additional mode; c -no combination frequency; d -non-stationary P A ; e -harmonics of P A ; f -listed in remarks file in OGLE archive triangular shape characteristic for the fundamental mode pulsators. Based on plots 3 and 4 we suspect that the cause of the dominant periodicity is the same and thus fundamental pulsation mode seems to be the most probable for all stars from our sample (see Section 4 for the discussion).
Several stars from our double-periodic group seem to manifest the Blazhko modulation (listed in Tab. 2). The columns contain OGLE identification, specification which periodicity is modulated (PA or PD), period of the Blazhko modulation PB. Furthermore, we provide the amplitudes of the lower-and higher-frequency side peaks, A− and A+, respectively, in the case they were detected in the frequency spectrum. In addition, we enclose a list of frequencies of detected modulation side peaks. The periods of the Blazhko modulation range from 7 days up to almost 500 days. In seven stars, triplet structures are detected in the frequency spectrum. OGLE-BLG-RRLYR-12880 and OGLE-BLG-RRLYR-09117 exhibit two Blazhko modulations. The OGLE-BLG-RRLYR-09117 displays modulation with the same period of the dominant and additional periodicity. Among the majority of the stars we see a preference for symmetry of the side peaks, or the A+ component is higher.
Only in OGLE-BLG-RRLYR-03090 solely the A− component is detected. It is worth noting that all stars listed in Tab. 2 were previously classified as the fundamental mode pulsators.
To summarize, we have discovered a new and distinct class of double periodic pulsators with the following characteristics:
• Period of the dominant variability 0.28 − 0.41 days.
• The additional periodicity is shorter.
• The period ratios are in the range of 0.68 − 0.72.
• Typical amplitude ratio is 25 %.
• Triangular shape of light curves suggests dominant fundamental mode for all stars from our sample.
• Values of R21 and R31 lie between typical values for RRc and RRab stars.
• The ϕ21 and ϕ31 coefficients form a linear progression between RRc and RRab stars. [rad]
Figure 3. The Fourier decomposition parameters for the newly discovered double-periodic stars (black stars) with additional periodicity filtered out. For comparison, the Fourier coefficients for RRab stars (gray dots) and RRc stars (blue dots) are included.
• Ten stars from our sample exhibit the Blazhko modulation, and either the dominant, additional or both periodicities are modulated.
Remarks on the most well-observed stars
This section contains notes on a few of the most wellobserved stars from the OGLE photometry that exhibit extra periodicity. For each star, we present periods for the dominant and the additional variability together with their period ratio. In addition, we provide a list of combination frequencies that appeared in the frequency spectrum and other possible peculiarities of an individual object.
OGLE-BLG-RRLYR-05851. The pulsation period is close to the average within our group, PD = 0.35468824(22) days, in addition we found PA = 0.2456316(12) days. The period ratio PA/PD = 0.69253 fall into the lower boundary of our group. This star has one of the lowest amplitudes for the additional periodicity (only 10 percent of the amplitude of the fundamental mode). In the frequency spectrum (Fig. 5) , we found five harmonics for the fundamental mode and two combination frequencies νD + νA and 2νD + νA. In Fig. 5 we notice an obvious difference in the frequency spectrum for OGLE-III and OGLE-IV. We did not detect any combination frequencies in OGLE-III data. This could be caused by lower amplitude of the additional periodicity in the OGLE-III data. OGLE-BLG-RRLYR-09117. The most often observed star in our sample, with the fifth shortest pulsation period PD = 0.30967728(3) days. The additional variability has a period PA = 0.21909756(19) days and period ratio PA/PD = 0.70750 is typical for our group.
The frequency spectrum (Fig. 6 ) contains eight harmonics for the fundamental mode, additional periodicity and its harmonic, and 14 combination frequencies in the following form kνD + νA (k = 1, . . . , 6), νA − νD, 2νA − νD, kνD + 2νA (k = 0, . . . , 4) and kνD − νA (k = 2, . . . , 5). In addition, this star, as the only one from our sample, exhibits the Blazhko modulation with the same period in both periodicities, with period PB = 252.8(7) days. In the frequency spectrum, we see a triplet and doublet structure in the vicinity of the additional periodicity and the fundamental mode, respectively (see Tab. 2).
The numerous and high-quality data allowed us to use the time-dependent Fourier analysis (Kovács, Buchler & Davis 1987 ) using merged OGLE-II, OGLE-III and OGLE-IV data (see Fig. 7 ). The top panel shows available photometric data. Changes in amplitude and phase for a given periodicity are displayed in the middle and bottom panel. In the bottom plot, we clearly see phase changes in the dominant and additional periodicity. While for the later, the change is not so pronounced, the variation in the dominant mode can be modeled using a parabolic function, which gives us growing pulsation period with a rate of 1.5 · 10 −6 days per 1 000 days.
OGLE-BLG-RRLYR-12880. The star was identified as the fundamental mode pulsator, with pulsation period PD = 0.3400408(1) days, furthermore we found extra periodicity PA = 0.2390565(5) days. The period ratio PA/PD = 0.70302 is similar to the other stars in our sample, but the amplitude ratio AA/AD = 0.1292 is somewhat lower. The frequency spectrum (see Fig. 8 ) contains six harmonics for the fundamental mode and one harmonic for the additional periodicity (νA and 2νA). In addition, we detected following combinations: kνD+νA (k = 1, . . . , 5), νA−νD and 2νA+2νD. Two Blazhko modulations were detected in the vicinity of the fundamental mode, with periods PB1 = 70.85(8) days and PB2 = 75.24(9) days. In the frequency spectrum we see a residua at the kνA, which suggest changes in period of the additional variability. Similarly as in Fig. 5 , in Fig. 8 we see lower number of combination frequencies in the frequency spectrum computed from OGLE-III. This could be caused by lower amplitude of the additional periodicity. OGLE-BLG-RRLYR-30908. One of the four stars classified as RRc variable in our sample with pulsation period PD = 0.28746404(55) days, the second shortest period among discovered stars and additional periodicity with period of PA = 0.20314449(70) days. Thus the period ratio PA/PD = 0.70668 fall in the middle of our group. The amplitude ratio AA/AD = 0.3958 is the lowest among the stars identified by Soszyński et al. (2014) as the first-overtone pulsators in our group. The frequency spectrum (see Fig. 9 top plot) of this star contains three harmonics of the dominant periodicity. We found two combination frequencies of the additional variability with the dominant periodicity, νD + νA and νA − νD.
OGLE-BLG-RRLYR-31754. Another star from our sample originally classified as RRc with dominant pulsation period PD = 0.31731570 (42) riodicity PA = 0.22598012(25) days (period ratio PA/PD = 0.71216). The amplitude ratio AA/AD = 0.9058 is the highest among stars in our group. The frequency spectrum displays two harmonics for the dominant periodicity and one for the additional variability (see Fig. 9 bottom plot). Furthermore, frequency spectrum of this star contains following combinations: νD + νA, 2νD + νA, νD + 2νA, νA − νD. Based on figures displaying frequency spectrum in subsection 3.1 and scarce appearance of the mark 'a' in Tab. 1, it is worth mentioning that the dominant periodicity is sta- Figure 9 . The frequency spectra for the OGLE-BLG-RRLYR-30908 (top panel) and for the OGLE-BLG-RRLYR-31754 (bottom panel) after prewhitening with dominant frequency and its harmonics. Additional periodicity and combination frequencies of both variabilities are marked. Other significant peaks are their daily aliases. Only OGLE-IV data were available. Dashed red lines mark frequencies of the main pulsation frequency and its harmonics.
ble in the vast majority of cases. Only in four instances, we detected residual power at the kνD after the prewhitening, which suggests changes in the period and/or amplitude (mark 'a' in Tab. 1).
DISCUSSION
We have discovered a new group of double-periodic variables. Majority of these stars are identified in the OGLE catalog as RRab -RR Lyr stars pulsating in the radial fundamental mode. The characteristic, asymmetric light curve shape (Fig. 4) leaves no doubt -it must correspond to pulsation. The large amplitude and non-linear, triangular shape of the light curve immediately suggests the radial fundamental mode. A glimpse at the Fourier parameter plots (Fig. 3) points however, that this is not the light curve shape that is typical for RRab stars with such short pulsation periods. In fact, genuine RRab stars with periods shorter than 0.43 days are scarce in the Galactic bulge and nearly not present for periods shorter than 0.35 days. The light curves do not resemble the RRc light curves either. The Fourier parameters corresponding to the dominant variability lie in between the parameters typical for RRab and RRc stars. The secondary variability in the discussed stars, is always of shorter period and of lower amplitude as compared to the dominant variability. The corresponding light curve shape is a pure sine wave in nearly all the cases, i.e. we do not detect the harmonics of the additional variability. The secondary period is too short to be connected with rotation or with the binarity effects. In the Petersen diagram (Fig. 1) , the newly identified group forms a rather large cloud that touches the RRd sequence at its extreme, short-period tail. We note in passing, that this tail is observed only in the Galactic bulge, and explained as due to high metallicity RRd variables (Soszyński et al. 2011) . Could the discussed stars be extreme cases of RRd variables, with the radial fundamental and radial first-overtone modes excited? Such possibility can be easily verified with linear pulsation calculations. The results are presented in Fig. 10 . We used exactly the same set of models as in Smolec et al. (2016) and the reader is referred to its sect. 4.1 for all technical details. The filled symbols mark the models in which both radial modes are simultaneously unstable -a necessary condition for the non-resonant beat pulsation. Open symbols to the left, correspond to the models in which only the first-overtone is unstable and open symbols to the right, correspond to the models in which only the fundamental mode is unstable. Although the models cover a wide range of metallicities, masses and luminosities, it is clear that our group cannot correspond to RRd pulsation. Only for the highest (solar) metallicity, the highest mass (0.7 M⊙), and the lowest luminosity (40 L⊙), the models in which both radial modes are simultaneously unstable approach the part of the Petersen diagram in which the new, double-periodic variables reside. The extreme RRd scenario must be dropped. The models also indicate, that for the considered range of physical parameters, it is even hard to get the unstable fundamental mode at such short periods.
Recently, Soszyński et al. (2016) identified a new group of anomalous RRd variables. These stars however, have longer fundamental mode periods and higher period ratios (still, typically lower than in the "classical" RRd stars), so their position in the Petersen diagram is easily reproduced assuming excitation of radial fundamental and first-overtone modes. In addition, Blazhko-like modulation is commonly detected in anomalous RRd stars. Variables discussed in this paper clearly do not belong to this group.
The other possibility we now consider, is that the discussed stars are the so-called binary evolution pulsators (BEPs). The first, and so far the only member of this group, is OGLE-BLG-RRLYR-02792. The star was catalogued as RRab, member of the eclipsing binary system (Soszyński et al. 2011) . Its dynamical mass is only 0.26 M⊙ however (Pietrzyński et al. 2012) , definitely too low for RR Lyr variable. BEPs are stars that evolved in the binary system and, after experiencing the mass loss event, enter the classical instability strip. The non-linear model survey conducted by Smolec et al. (2013) shows that such objects may indeed show large-amplitude radial pulsation that may mimic RR Lyr variability. In fact, models presented in Smolec et al. (2013) seem to support the hypothesis that the discussed double-periodic stars are BEPs. The expected fundamental mode light curves at the blue edge of the classical instability strip have simple triangle-like form ( fig. 11 in Smolec et al. 2013) . The Fourier parameters of hot BEPs fall in between RRab and RRc stars (their fig. 13 ; beginning of the model sequences). Also, close to the blue edge, both low order radial modes may be simultaneously excited (their fig. 3 ) and beat pulsation is thus possible. The linear pulsation models disprove this scenario as well. We have computed a grid of models with masses in the 0.2 − 0.4 M⊙ range, with luminosities in the 20 − 70 L⊙ range and metallicity range the same as considered in Fig. 10 (other model parameters are the same as in Smolec et al. 2016) . We note that little is known about expected physical parameters of BEPs, as only one object was observed so far (see however Karczmarek et al. 2017) . The range of the physical parameters given above, is motivated by the model study by Smolec et al. (2013) , and assures that model periods are not far from those observed in RR Lyr stars. The models assume homogeneous envelope with chemical composition the same as in RR Lyr-type models. For 0.2 M⊙ and 0.3 M⊙ models, periods of the unstable radial modes are significantly longer than observed in our stars. Period ratios for 0.4 M⊙ models are plotted in Fig. 11 . The models have longer periods and higher period ratios, and are far from the region in which double-periodic stars reside. Clearly, the discussed stars are not fundamental and first-overtone double-mode radial pulsators. At least, not assuming their physical parameters are close to expected for RR Lyr stars or BEPs (that mimic RR Lyr stars). Other combinations of radial modes do not fit the discussed group as well.
We note that simple triangular light curve shape is characteristic for fundamental mode HADS stars. Fourier parameters of these stars are similar as well (see fig. 8 and figs. 4-7 in Poretti 2001, note that cosine convention is adopted in that paper). Periods of these stars are typically below 0.2 days however, while in our stars they are longer than 0.28 days. Period ratios in the radial multi-mode HADS stars are also vastly different, see e.g. fig. 10 in Pietrukowicz et al. (2013) .
Assuming that the dominant variability do correspond to the radial fundamental mode (large amplitude and non-linear light curve shape make this hypothesis most plausible), the additional variability may correspond to nonradial pulsation mode. Low-degree modes may be excited in RR Lyr models (Van Hoolst, Dziembowski & Kawaler 1998; Dziembowski & Cassisi 1999) , preferentially in the vicinity of the radial modes. Although the frequency spectrum of such modes is very dense, their growth rates do display a local maximum close to the position of the radial modes. In particular, for ℓ = 1 modes, the growth rates approach that of the radial first-overtone mode and their frequency is higher than radial first-overtone frequency [see e.g. fig. 1 in Van Hoolst, Dziembowski & Kawaler (1998) or fig. 1 in Dziembowski (2016) ]. This would lead to the period ratios a bit lower than observed for RRd variables, which is what we want. Fig. 10 seems to disprove this scenario again. Nonradial modes of ℓ = 1 are unstable only if the first-overtone is unstable, which occurs at longer fundamental mode periods than observed in the discussed stars. Also, it would not be clear why the non-radial mode is excited instead of the neighbouring, strongly driven radial first-overtone.
At the moment we have no explanation for the nature of the discussed double-periodic variables.
CONCLUSIONS
We present the discovery of a new group of double-periodic stars in the OGLE Galactic bulge photometry. In 38 stars identified in the OGLE catalog as the fundamental mode RR Lyrae stars and in 4 stars identified as the first-overtone pulsators (RRc), we detect additional variability of lower amplitude and of a shorter period. The period ratios in the discovered stars (0.68 − 0.72) are lower than in the Galactic bulge RRd stars (0.725 − 0.750).
Although our stars do not form a sharp sequence in the Petersen diagram, they occupy a well-defined region. Also, their light curves are very similar and different from the light curves of single-periodic RRab and RRc stars. This is best demonstrated with the help of Fourier decomposition parameters. The Fourier coefficients R21, R31, ϕ21 and ϕ31 for discovered stars differ from typical values for stars in RRab and RRc group. For the Fourier parameters R21 and R31, our group lies somewhere in the middle, between single periodic RRc and RRab stars. The newly discovered doubleperiodic stars have higher values of these coefficients in comparison with RRc stars. The similar difference applies for the phase coefficients ϕ21 and ϕ31 where our group creates some kind of a transition between the fundamental mode and first-overtone pulsators. In addition, stars in our group have the lowest values of these coefficients among RRc stars. Our findings suggest that the original OGLE classification as RRab or RRc is questionable in our stars. Ten stars from our sample show properties typical for Blazhko-type modulation (equidistant peaks in the frequency spectrum). In the majority of modulated stars, the modulation side peaks are symmetrical, or we observe that higher frequency side peak is of higher amplitude.
The additional periodicity is always of lower amplitude. Except for one case, amplitude ratios are below 0.6; the most typical value is 0.2 (see the top panel of Fig. 2 ). Considering the amplitude of the dominant variability (see the lower panel of Fig. 2) , our stars divide into two groups: with larger amplitude (AD > 0.15 mag, all stars originally classified as RRab, except two) and with lower amplitude (AD < 0.12 mag, four stars originally classified as RRc and two as RRab). Origin of the apparent gap in the distribution of amplitudes of the dominant variability is unclear. We find it very challenging to explain the nature of the discovered group. Although these stars were identified as RR Lyrae, their properties are very different from single periodic RRab and RRc stars and from double-mode RRd stars. RR Lyrae identification is thus tentative. The triangular shape of the light curve of the dominant periodicity strongly suggests that it corresponds to the pulsation in the radial fundamental mode. However, the light curve shape is clearly different from that observed in RRab stars. Period ratios are also significantly smaller than observed in RRd stars.
With linear pulsation models we have checked, that location of these stars in the Petersen diagram cannot be reproduced assuming that two radial modes are excited and assuming that their physical parameters are in the range expected for RR Lyrae stars or the so-called binary evolution pulsators (masses 0.2 − 0.7 M⊙, luminosities in the 20 − 70 L⊙ range, metallicities, [Fe/H] from 0 to -2.5). The scenario in which dominant variability corresponds to the radial fundamental mode and additional variability corresponds to non-radial mode also faces difficulty.
frequencies νF + νA, 2νF + νA and νA − νF. Most likely F+1O HADS star with long period.
OGLE-BLG-RRLYR-11272. PF = 0.5086479(1) days. Data in OGLE-III and OGLE-IV were available. In addition, we found PA = 0.3701556(44) days. The period ratio PA/PF = 0.728 (AA/AF = 0.157) suggests that the additional frequency corresponds to the first-overtone mode. We found one combination frequency with the fundamental mode νF + νA and equidistant peaks in the vicinity of νF (PB = 256.2(7) days) that probably denote to the Blazhko effect. RRd star similar to Blazhko RRd stars with anomalous period ratios found by Smolec et al. (2015) in the Galactic bulge (see also Soszyński et al. 2016 ).
OGLE-BLG-RRLYR-11522. PF = 0.4216513(1) days. Data in OGLE-III and OGLE-IV were available. In addition, we found PA = 0.2910113(21) days, thus period ratio is PA/PF = 0.690. The additional mode has very low amplitude in comparison with the fundamental mode (AA/AF = 0.011). Due to a low amplitude, the second periodicity was not found in the OGLE-III data. Furthermore, we found three combination frequencies νF + νA, 4νF + νA and νA − νF. Despite similar properties (period ratio, dominant periodicity) this star does not belong to our newly discovered group. It differs in the shape of the light curve and also this star experience a strong period change.
OGLE-BLG-RRLYR-12008. PF = 0.5560180(2) days. Data in OGLE-III and OGLE-IV were available. In addition, we found PA = 0.405374(9) days, thus the period ratio is PA/PF = 0.729. The additional mode has very low amplitude in comparison with the fundamental mode (AA/AF = 0.010). Furthermore, we found two combination frequencies νF + νA and νA − νF. The additional periodicity was also found in OGLE-III data. The Fourier amplitude coeficients R21 and R31 are the highest among RRab stars. This star probably belongs to the group found by Smolec et al. (2016) .
OGLE-BLG-RRLYR-12069. PF = 0.382782(34) days. Data in OGLE-III and OGLE-IV were available. In addition, we found PA = 0.28004(5) days, which yields period ratio PA/PF = 0.732 (AA/AF = 0.045). In the OGLE-IV data we found only one combination freqeuncy νF + νA. In the OGLE-III data we did not find any sign of additional varibility. This star is probably another member of anomalous group of RRd stars (see Smolec et al. 2015; Soszyński et al. 2016) , despite its short period and lower amplitude ratio.
OGLE-BLG-RRLYR-14965. PF = 0.33820347(8) days. Only data in OGLE-III were available. In addition, we found PA1 = 0.2563173(5) days. The period ratio PA1/PF = 0.758 (AA1/AF = 0.083) suggests that the additional frequency corresponds to the first-overtone mode. Furthermore, we found three combination frequencies νF +νA1, 2νF +νA1 and νA1 −νF. In the close vicinity of the main pulsation frequency and its harmonics we found equidistant peaks that suggests modulation of the fundamental mode with period PB = 16.46(1) days. We also found one peak for possible third periodicity with period of PA2 = 0.2010675(11) days with period ratio PA2/PF = 0.595. Based on period ratio, it is most likely F+1O HADS star with long period, modulation and possible additional 2O periodicity. This paper has been typeset from a T E X/L A T E X file prepared by the author.
